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Agricultural droughts are often characterized by soil moisture in the root zone of the soil, but crop needs
are rarely factored into the analysis. Since water needs vary with crops, agricultural drought incidences in
a region can be characterized better if crop responses to soil water deficits are also accounted for in the
drought index. This study investigates agricultural droughts driven by plant stress due to soil moisture
deficits using crop stress functions available in the literature. Crop water stress is assumed to begin at
the soil moisture level corresponding to incipient stomatal closure, and reaches its maximum at the
crop’s wilting point. Using available location-specific crop acreage data, a weighted crop water stress
function is computed. A new probabilistic agricultural drought index is then developed within a hidden
Markov model (HMM) framework that provides model uncertainty in drought classification and accounts
for time dependence between drought states. The proposed index allows probabilistic classification of the
drought states and takes due cognizance of the stress experienced by the crop due to soil moisture deficit.
The capabilities of HMM model formulations for assessing agricultural droughts are compared to those of
current drought indices such as standardized precipitation evapotranspiration index (SPEI) and self-cal-
ibrating Palmer drought severity index (SC-PDSI). The HMM model identified critical drought events and
several drought occurrences that are not detected by either SPEI or SC-PDSI, and shows promise as a tool
for agricultural drought studies.

� 2014 Elsevier B.V. All rights reserved.
1. Introduction

The onset of an agricultural drought event is typically marked
by a decline in the soil moisture level below a threshold value that
affects crops. Precipitation, soil moisture, and temperature are the
common variables adopted for agricultural drought studies
(Mishra and Singh, 2010). Various indices for characterizing agri-
cultural droughts are listed in Maity et al. (2013). Among these,
Palmer Drought Severity Index (PDSI) (Palmer, 1965), Crop Mois-
ture Index (CMI) (Palmer, 1968), Soil Moisture Anomaly Index
(Bergman et al., 1988), and Vegetation Condition Index (VCI) (Liu
and Kogan, 1996) are popular.

Meteorologic and hydrologic drought indices (e.g., Standardized
Precipitation Index SPI, and PDSI) have been often used in agricul-
tural drought studies (Narasimhan and Srinivasan, 2005). The PDSI
uses both precipitation and surface air temperature as inputs, in
contrast to SPI that uses precipitation alone. However, PDSI is lim-
ited as an indicator of soil moisture status or as being capable of
identifying agricultural droughts; it demonstrates good correlation
with soil moisture content during warm seasons but weak
correlation in spring as the underlying model does not account
for the effect of snowmelt (Dai et al., 2004). Palmer (1968) devel-
oped the Crop Moisture Index (CMI) as an index for short-term
agricultural droughts from procedures similar to the PDSI. The
CMI is computed from evapotranspiration deficits for monitoring
short-term agricultural drought conditions that modulate crop
growth. Meyer et al. (1993) developed a Crop Specific Drought
Index (CSDI) for corn using evapotranspiration estimates. An alter-
native drought index—Standardized Precipitation Evapotranspira-
tion Index (SPEI) that possesses the merits of PDSI and SPI in
terms of sensitivity to temperature-driven evaporation that is
important in crop growth and multi-scalar properties, respectively,
was proposed by Vicente-Serrano et al. (2010). The performance of
SPEI in drought impact analyses and climate change studies is well
documented (Yu et al., 2013; Potop et al., 2012; Vicente-Serrano
et al., 2010).

Researchers typically regard soil moisture as the most appropri-
ate indicator of agricultural droughts (Keyantash and Dracup,
2002; Karamouz et al., 2004; Sheffield and Wood, 2008). Estima-
tion of soil moisture from ground measurements is difficult due
to heterogeneity caused by the spatially varying precipitation, land
cover, soil and topography (Margulis et al., 2002; Vereecken et al.,
2008). Temporal and spatial resolution of soil moisture is also
crucial for predicting adequate soil profile wetting and drying
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between precipitation events. The role of soil moisture in recurring
droughts in North America was studied by Oglesby and Erickson
(1989). Sheffield et al. (2004) used soil moisture estimates from
the Variable Infiltration Capacity (VIC) model to develop a drought
index that identified major drought events of the past and had
good correlations with PDSI. Lakshmi et al. (2004) found that the
deep layer soil moisture was capable of characterizing droughts
in the Mississippi River Basin. The Soil Moisture Deficit Index
(SMDI) developed by Narasimhan and Srinivasan (2005), based
on weekly soil moisture deficits, had good correlation with indices
such as SPI and PDSI, and offered better performance because of its
fine spatial and temporal resolution. The authors used SWAT
model to simulate daily soil moisture values at 4 km � 4 km spatial
resolution that were then aggregated to a weekly time scale. Tang
and Piechota (2009) explored the possibility of deep layer soil
moisture as an indicator of climate extremes, and linked it to PDSI,
precipitation, and streamflows. Their study utilized soil moisture
as a drought indicator for characterizing the hydrologic status for
the Colorado River Basin, and further identified the spatial and
temporal variability of soil moisture in response to drought events
in the region.

Root-zone soil moisture availability is used by agencies such as
the United States Department of Agriculture (USDA)-International
Production Assessment Division (IPAD)—as a major factor influenc-
ing crop yield forecasts (Bolten et al., 2010). When Wu et al. (2011)
performed drought vulnerability assessment for China, seasonal
crop water deficiency, available soil water-holding capacity and
irrigation were adopted as the important drought indicators. The
soil water holding capacity is a function of soil type, and varies spa-
tially across a region creating patterns of crop water stress and
water resource availability. Maity et al. (2013) characterized
drought proneness of Malaprabha Basin, India, via a copula model
for resilience and vulnerability values calculated from modeled soil
moisture data for the region.

Since water needs vary with crops, agricultural drought inci-
dences in a region can be assessed better if crop responses to soil
water deficits are also accounted for in the index. Water stress
influences rate of photosynthesis and stomatal closure, and affects
crop production (Scholes and Walker, 1993). Denmead and Shaw
(1960) studied the effect of soil moisture deficit on the develop-
ment and yield of corn, by imposing soil moisture deficit at differ-
ent growth stages. The changes in plant characteristics such as
stalk height, cob length, area of the ear leaf, total production of sto-
ver and grain, and yield of grain under moisture stress were
explored. Holt et al. (1964) investigated the effect of stored soil
moisture at planting on corn yields, and developed regression
equations for relating soil moisture to corn yield. A quantitative
understanding of the plant response to water stress requires
detailed study of soil moisture dynamics that include soil–water–
air interaction, nutrient uptake by plants, and transpiration. Soil
moisture deficits directly control the plant water potential that
determines transpiration losses and the turgor pressure in plant
cells (Porporato et al., 2001). The role of water stress in the struc-
ture and functioning of vegetation in African savannas (grassland
ecosystems) was studied by Rodriguez-Iturbe et al. (1999a,b).
The authors proposed a measure of ‘‘static’’ vegetation stress that
can be calculated from soil moisture levels corresponding to plant
wilting and full turgor. The ‘‘static’’ stress is zero when soil mois-
ture is above the level of incipient stomatal closure (full turgor)
and reaches a maximum value of one when soil moisture is at
the wilting point of a plant. These two stages are based on the
effects of water stress on plant physiology (Hsiao, 1973).
Porporato et al. (2001) later introduced ‘‘dynamic’’ water stress
to address the mean intensity, duration and frequency of soil mois-
ture deficits. Laio et al. (2001) developed a stochastic model for soil
moisture and water balance studies.
Drought conditions for crops in the Midwest are, by and large,
determined by the soil water availability rather than by precipita-
tion or evaporation. The plant response to water stress in the root
zone of a soil could be used to develop a new agricultural drought
index. Such an index would take due cognizance of crop needs.
However, the changing soil moisture status and different crop rota-
tion patterns followed in agricultural fields require that the
drought analysis be performed in a statistical sense. A probabilistic
assessment would convey the uncertainty in agricultural drought
classification that popular indices (SPEI, PDSI, SPI) do not provide.
Madadgar and Moradkhani (2013, 2014) developed a probabilistic
forecast model for future hydrologic droughts in a Bayesian frame-
work that allows probabilistic predictions and accounts for uncer-
tainty in drought characterization. In this study, agricultural
drought events in the state of Indiana are investigated in a proba-
bilistic framework using graphical models—specifically hidden
Markov models (HMMs)—given the temporal dependence that
exists between drought states. The crop stress function values
derived from soil moisture data are used to define agricultural
drought states (1-near normal, 2-moderate drought, 3-severe
drought, and 4-extreme drought).

Hidden Markov models have been used for solving numerous
practical problems in speech processing (Leggetter and
Woodland, 1995), signal processing (Crouse et al., 1998), genomics
(Yau et al., 2011), tunneling design (Leu and Adi, 2011), meteoro-
logical studies (Hocaoğlu et al., 2010) and air quality modeling
(Zhang et al., 2012). Mallya et al. (2013a) utilized HMMs to model
meteorologic and hydrologic droughts. Many of these applications
used Gaussian emission distributions (Leggetter and Woodland,
1995; Burget et al., 2010; Mallya et al., 2013a). Alternatively, atmo-
spheric ozone levels were modeled using Gamma hidden Markov
models by Zhang et al. (2012), and Sun et al. (2013) used HMMs
with log-normal, Gamma and generalized extreme value (GEV) dis-
tributions to predict particulate matter concentrations.

Unlike previous studies (Mallya et al., 2013a; Zhang et al.,
2012), the crop water stress function used in this study is bounded
between [0,1], and as a result, previously utilized emission distri-
butions are not suitable. This paper describes a new class of HMMs
with beta emission probability distributions. These new models
were used for developing probabilistic classification models for
agricultural droughts in Indiana. The merits of HMM-based proba-
bilistic agricultural drought index over SPI, self-calibrating PDSI
and SPEI were investigated. The organization of rest of the paper
is as follows: Section 2 describes the study area and data used,
Section 3 explains the methodology adopted in the development
of the probabilistic index, followed by results and discussion in
Section 4, and finally the conclusions derived from the study are
presented in Section 5. In addition, Appendix A provides deriva-
tions of equations used in the methodology.

2. Study area and data used

To examine the applicability of the graphical model, the state of
Indiana, USA is chosen as the study area. Indiana is nationally
ranked for agricultural production, major cultivated crops being
corn and soybean. For instance, Fig. 1 illustrates the cultivation
pattern followed in a small patch of land in Lake County in north-
ern Indiana during the period 2000–2012, where corn and soybean
are predominant. Crop rotation, fallow land, and double cropping
practices have been adopted in this area. Winter wheat, alfalfa
and pasture grass were grown as minor crops in alternate years.
Livestock and dairy farming thrive on agriculture over such farm-
lands in Indiana and other Midwest states.

Unfortunately, droughts are common in the Midwest, and ham-
per the prospects of large yields from these farms. Consequences of
the recent 2012 drought in US can be found in Mallya et al. (2013b)



Fig. 1. Cropping pattern in a small patch of agricultural field in Lake County, Indiana, US during 2000–2012 where the yearly changes in land use and land cover are evident
(adapted from http://nassgeodata.gmu.edu/CropScape/).

Fig. 2. Extent and magnitude of 2012 drought in Indiana- in July 2012, one of the driest months of the year, captured by the U S Drought Monitor. Droughts are labeled by
their intensity: D0 being the least and D4 being the most intense. (The U.S. Drought Monitor is jointly produced by the National Drought Mitigation Center at the University of
Nebraska-Lincoln, the United States Department of Agriculture, and the National Oceanic and Atmospheric Administration. Map courtesy of NDMC-UNL.)
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and Kerr (2012). Fig. 2 shows the extent of drought extremes over
Indiana evaluated by United States Drought Monitor (USDM) for
July 24, 2012. The USDM map identifies regions experiencing differ-
ent drought categories ranging from D0 (abnormally dry) to D4
(exceptionally dry) for that particular week, and the classification
criteria are described in http://droughtmonitor.unl.edu/AboutUs/
ClassificationScheme.aspx. More than half of the state was affected
by an extreme drought (Fig. 2). The major impact of agricultural
droughts is on crop cultivation in the affected regions. From an
economic point of view, droughts have a detrimental effect on corn
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and soybean prices in Indiana under the current agricultural condi-
tions, and are particularly devastating to livestock producers (http://
www.ibrc.indiana.edu/ibr/2012/outlook/articles/agriculture.pdf).

The yearly cropping pattern of Indiana was obtained from Crop-
land Data Layer (CDL) that is hosted on CropScape (Han et al.,
2012; http://nassgeodata.gmu.edu/CropScape/). The CDL is a ras-
ter, geo-referenced, crop-specific land cover data layer created
annually for the continental United States using moderate resolu-
tion satellite imagery and extensive agricultural ground truth. It
is developed by the National Agricultural Statistics Service (NASS)
of the United States Department of Agriculture (USDA). This data is
available from 2000 to 2012 for Indiana. Average crop distribution
in acreage for this time window was extended to cover the 1948–
2012 period.

For soil moisture data, the Climate Prediction Center’s (CPC)
0.5� � 0.5� resolution global monthly datasets (Fan and van den
Dool, 2004) were used. The data sets have sufficiently long record
lengths needed for robust modeling. Huang et al. (1996) outline the
procedure for constructing monthly soil moisture time series data
sets over the entire continental U.S. with a 1600 mm deep one-
layer soil moisture model. Their model is based on the water bud-
get in the soil and uses monthly temperature and monthly precip-
itation as inputs. Estimated evapotranspiration, runoff and
groundwater loss used in the CPC soil moisture model are derived
from these two inputs. A total of 52 CPC grid points fall over Indi-
ana, and soil moisture data from the period 1948–2012 were
extracted at these grid points for this study.
3. Methodology

Development of an HMM-based probabilistic drought index
required estimation of crop water stress, studying the temporal
dependence between drought states, choice of emission distribu-
tion, parameter estimation, and model selection. These various
steps are briefly described in this section.
3.1. Estimation of crop moisture stress function

Plant water potential is controlled by the soil moisture present
in the root zone. With excess moisture, the plant water potential
increases and turgor in leaves is very high, as a result of which sto-
matal pores open and evapotranspiration is in full swing. However,
under conditions of soil moisture deficit, there is a drop in the
water potential in plants, inhibiting their ability to take up water
from the soil, as a result of which the stomatal openings close to
avoid loss of available water. The sequence of events that take
place in plants in response to water stress can be understood based
on the varying levels of stomatal closure. Incipient stomatal clo-
sure is among the first symptoms, and finally as the plant starts
wilting, complete closure would take place. Rodriguez-Iturbe
et al. (1999a,b) quantified the plant water stress as a function of
soil moisture level in the soil at that instant (‘‘static’’ water stress)
f-such that it is zero when soil moisture is above the level of incip-
ient stomatal closure and has its maximum value of 1 when the soil
moisture deficit causes wilting (denoted as s* and sw respectively).
Between s* and sw, the authors suggested a non-linear increase of
plant water stress with soil moisture deficit as

fðtÞ ¼
1 for s < sw

s��sðtÞ
s��sw

h im
for sw 6 sðtÞ 6 s�

0 for s > s�

8>><
>>: ð1Þ

where s(t) is the soil moisture content at time t, and m is a measure
of the non-linearity desired in the crop water stress model. A value
of m = 2 is used for crops in this study. The values of sw, s⁄ and m
vary with plant species.

The crop distribution information at various CPC grid points
over the Indiana region were extracted to develop corresponding
weights for dominant agricultural crops and multiplied to the crop
water stress value of each crop. The resulting monthly effective
crop stress time series at each grid point was used for agricultural
drought analysis in the region.

A hidden Markov model (HMM) was used to develop a probabi-
listic classification model to define agricultural droughts. A sche-
matic of the graphical model used in the study is shown in Fig. 3.
It illustrates the concept of estimating crop stress f using soil mois-
ture and crop information. The non-linear increase in f between s⁄

and sw is represented in the graph in Fig. 3. The HMM graph struc-
ture with the hidden drought states (in dashed boxes) is shown in
the same figure. In this approach, a certain range of crop water
stress values define a drought state, and the range varies spatially.
Brief description of the theory of HMMs is provided in subsequent
sections.

3.2. Temporal dependence in drought states

In the realm of statistical models, hidden Markov models are
suitable for cases where temporal dependence in the drought
states needs to be preserved. Otherwise, mixture models would
suffice as a simpler tool for probabilistic modeling (Mallya et al.,
2013a). Mutual Information (MI) statistic is used in this study to
determine the nature of temporal dependence between drought
states at one-month interval. The drought states are based on a
standardized crop-drought index calculated using the crop stress
function values.

Mallya et al. (2013a) provide a detailed analysis of the nature of
temporal dependence between drought states for meteorological
and hydrological droughts with durations greater than one month
in which case use of a hidden Markov model was favored, and
highlighted the merits of adopting a simpler Gaussian mixture
model (GMM) when temporal dependence was insignificant. How-
ever, for soil moisture-driven droughts, Markovian dependence in
time cannot be neglected without exploring the nature of depen-
dence, as soil moisture holds a long-term persistent memory
(Manabe and Delworth, 1990; Koster and Suarez, 2001). This
aspect is investigated later in the paper.

3.3. Graphical models

A graphical model is a family of distributions that can be effi-
ciently represented by a directed or undirected graph. Variables
of interest are denoted by nodes whereas their dependencies are
indicated by connections/edges. The graph structure allows users
to compute marginal and joint conditional probabilities between
variables present as nodes in the graph (Jordan, 2004). Graphical
models have been popular in the fields of speech recognition, lan-
guage processing, genetics, and information retrieval; recent appli-
cations include modeling spatial and temporal patterns of
precipitation (Ihler et al., 2007), and extreme event modeling (Yu
et al., 2012).

3.3.1. Hidden Markov models
Hidden Markov models are a class of graphical models where

the graph structure comprises of hidden nodes with connections
to observed nodes, such that temporal dependencies exist between
the hidden nodes. In an HMM, as shown in Fig. 3, the outputs/
observations of the system are assumed to be dependent on a
sequence of hidden states. In the context of drought studies, the
hidden nodes are the latent drought states, while the observations

http://www.ibrc.indiana.edu/ibr/2012/outlook/articles/agriculture.pdf
http://www.ibrc.indiana.edu/ibr/2012/outlook/articles/agriculture.pdf
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Fig. 3. A schematic of the HMM used in this study. The hydrologic variable ft represents the crop water stress. The hidden drought state qt represents one of near normal,
moderate, severe or extreme drought states. The subscript t is the time index. f is estimated from soil moisture content values s, sw (at wilting point) and s⁄ (at incipient
stomatal closure), and m is the measure of non-linearity in the estimation of ft.
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may be precipitation or streamflow values (Mallya et al., 2013a), or
soil moisture-driven crop stress values as in this study.

Consider the model where the hydro-climatic variable of interest
at an instant t is denoted by xt, t ¼ 1;2; . . . ;N fxt 2 R and

X ¼ ½x1; x2; . . . ; xN�T ¼ x1:Ng. The observation xt is dependent on the
hidden state variable qt ; fq ¼ ½q1; q2; . . . ; qN �

T ¼ q1:Ng which is
assumed to be a first order Markov process, i.e. the probability of
the system being in any future state is independent of past states
given the present state. The hidden variable qt is considered a dis-
crete variable representing one of the K possible latent states. The
major characteristics of an HMM with K states and following first
order Markov property are:

(i) Given the state of the system at time t � 1; qt is independent
of previous states i.e. P(qt|qt�1, qt�2, . . ., q1) = P(qt|qt�1). The
state transition probability matrix can be defined as
A ¼ faijgwhere aij ¼ Pðqtþ1 ¼ jjqt ¼ iÞ; 1 6 i; j 6 K.

(ii) Given the current state qt, the observation at that instant xt is
conditionally independent of past observations, and the
probability P(xt|qt) is known as the emission distribution.
The matrix B = {a, b} represents the parameters of the emis-
sion distribution.

(iii) The initial state distribution, i.e., the probability of drought
state at the instant t = 1 or P(q1) is given by
p ¼ fpig such that pi ¼ Pðq1 ¼ iÞ; 1 6 i 6 K.

Besides, the following constraints hold valid for the HMM.

XK

i¼1

pi ¼ 1

XK

j¼1

aij ¼ 1; 1 6 i 6 K

ð2Þ

The joint distribution of the different drought states and obser-
vations in the HMM can then be expressed as

Pðq1:N; x1:NÞ ¼ piP
N
t¼2Pðqt jqt�1ÞPN

t¼1Pðxt jqtÞ ð3Þ
3.4. Model implementation

3.4.1. Emission distribution
Gaussian emission distributions have been favored in several

continuous-HMM applications due to ease of computation. How-
ever, there are applications where Gaussian densities cannot be
used, and hence, parameter estimation methods have to be
designed from first principles. A beta emission distribution was
adopted in this study for the following reasons: (i) it is a continu-
ous distribution, (ii) it is well-suited for variates over the finite
range of [0,1], (iii) it has the flexibility to model very skewed emis-
sion distributions that are needed for extreme events, and (iv) dis-
tributional parameters can be estimated in the HMM context.

3.4.2. Parameter estimation
An important task in generating an HMM-based probabilistic

model for drought data is parameter estimation—finding the best
set of {p, A, B} such that the probability of the observation
sequence given the model i.e., P(O|model) is maximized. Parameter
estimation in HMM was performed using Baum-Welch algorithm
that uses Expectation-Maximization (EM; Baum et al., 1970;
Rabiner, 1989). The Baum Welch algorithm treats parameter esti-
mation as a constrained optimization of P(O|model) subject to con-
straints in Eq. (2), and estimation formulae for {p, A, B} are
developed using a Lagrange multiplier technique such that the
results yield maximum P(O|model) value. The details of parameter
estimation including that for the shape parameters {a, b} of the
emission distribution are provided in Appendix A.

The initial user-input values fed into the HMM framework play
an important role in the estimation of probabilities and parameter
values as the estimation algorithm may run into local maxima dur-
ing the simulations. In order to ensure global optima are achieved,
random sets of initial values were tried, and the estimated values
corresponding to maximum probability P(O|model) were chosen
for the model. Thus parameter estimation was a trial and error
method. In scaled HMMs, the term log [P(O|model)] is maximized
(Rabiner, 1989).

Once the model parameters are estimated, the conditional
probability of being in a particular drought state at time t, given
the observations and set of model parameters is simply the poster-
ior probability of falling in that state at time t (see Appendix A, Eq.
(A11)). Probabilistic classification of drought states based on pro-
posed crop water stress index is facilitated by estimating these
probabilities using the HMM.

4. Results and discussion

4.1. Crop moisture stress estimation

Gridded soil moisture data at 52 locations over Indiana are used
to compute the respective crop stress function values. Land cover
data for these locations are retrieved from CDL provided by
USDA-NASS. Only the major crops such as corn, soybean, sorghum,
alfalfa, winter wheat, and double crops-winter wheat/soybean
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(WS) and winter wheat/corn (WC) are considered in the drought
analysis. The average acreage distribution of various crops grown
in Indiana is as follows: 35–55% each of corn and soybean, less than
10% each of winter wheat and double crop WS, and less than 1% of
sorghum, alfalfa and WC.

For all these crops, the water requirements over their growing
seasons are assessed based on rooting depths at different growth
stages (Evans et al., 1996). The adopted rooting depth variation
with crop type and time of the year is shown in Table 1. Plant root-
ing depths were obtained mostly from past literature (Weaver and
Bruner, 1927; Weaver, 1926; Rhoads and Yonts, 1991). Soil water
content sw at permanent wilting point (PWP) and s⁄ at incipient
stomatal closure required for crop water stress calculation are
computed as percentages of water available in the root zone of
the crops, and these values are allowed to vary with different
stages of plant growth. For instance, studies by Tolk (2003) deter-
mined PWP for corn and sorghum planted in 2-m deep soil to be
around 488 mm and 420 mm respectively. For the different crops:
soybean, alfalfa, and winter wheat, PWP, as a percentage of rooting
depth are assumed to be 15, 10 and 19 percent respectively. The
calculated monthly sw and s⁄ values (in mm) for different crops
are shown in Fig. 4. There is an increase in plant water requirement
as the growth stage advances. These values are estimated based on
the rooting depth values in Table 1 and plant water requirements
mentioned previously. Under double cropping, values for sw and
s⁄ throughout the year are significant, unlike the case of a single
crop as shown in Fig. 4. The crop stress function time series is
computed for the growing season of crops. A weighted crop stress
function time series is then calculated using crop acreage data at
each grid location.
Fig. 4. Monthly soil moisture content values at wilting point (sw), and at incipient stoma
stage and water requirements.

Table 1
Rooting depths (in metres) for crops grown in Indiana over the annual growing season, wh
1927; Rhoads and Yonts, 1991).

Crop Jan Feb Mar Apr May

Corn � � � � 0.65
Soybean � � � � 0.5
Sorghum � � � � �
Alfalfa � � 0.13 0.5 0.9
Winter wheat 0.8 1 1.2 1.3 1.3
Double crop-ww*and soybean 0.8 1 1.2 1.3 1.3
Double crop-ww* and corn 0.8 1 1.2 1.3 1.3

* winter wheat
4.2. Exploring temporal dependence between drought states

Fig. 5 demonstrates the results of temporal dependence analysis
conducted using mutual information statistic (MI; Cover and
Thomas, 1991), where crop stress-based drought states for the
month of January (as an example) are compared with those of
other months. The crop stress function values are standardized
and categorized similar to SPI-based drought classification (rang-
ing from W4–W0, to normal to D0–D4; McKee et al., 1993). For
instance, in a two bin case, W4-Normal and D0–D4 classes are
grouped into two drought states: no-drought and drought respec-
tively. In a similar fashion, the categories are grouped into 4 and 6
bins for estimating temporal dependence. For each of these cases,
respective monthly MI statistics were computed using Eq. (4).

MIðX;YÞ ¼
X
x2X

X
y2Y

px;yðx; yÞ log
px;yðx; yÞ

pxðxÞpyðyÞ
ð4Þ

where px,y, px, py are joint probability of (X, Y), and marginal proba-
bilities of X and Y respectively. As an example, mutual information
statistic values between drought states in January (X) and those in
the rest of the months of the year (Y) were calculated from monthly
time series of f for one station, and are plotted in Fig. 5. It is seen
that the January drought states share temporal dependence with
those of February and March, based on higher MI statistic values.
The conclusion was same from results at other locations, and for
other months, i.e. temporal dependence among drought states can-
not be ignored. To account for the dependence in drought states
while modeling even one-month droughts, HMMs are needed over
the simpler mixture models.
tal closure (s⁄) for various crops in the study region calculated based on crop growth

ere symbol ‘�’ represents absence of cultivation (Weaver, 1926; Weaver and Bruner,

Jun Jul Aug Sep Oct Nov Dec

0.9 0.9 0.9 0.9 1 1 �
0.76 0.9 1 1.4 1.5 1.8 �
1.2 1.55 1.65 1.85 1.85 � �
1 1.2 1.5 2 � � �
� � � � � 0.5 0.6
0.5 0.9 1 1.5 1.5 0.5 0.6
0.65 0.9 0.9 1 1 0.5 0.6



Fig. 5. Mutual information statistic between standardized crop stress function
values of January and rest of the months for 2, 4 and 6 bins.
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As the number of hidden states increases in HMMs, the corre-
sponding number of model parameters also increases, adding sig-
nificantly to model complexity and data requirements. In the
present study, HMMs with four hidden states are considered for
probabilistic assessment of agricultural droughts. These hidden
states would represent instances of near normal conditions, mod-
erate, severe and extreme droughts, respectively. Further, as soil
moisture changes slowly, the transition probabilities are modeled
by a tridiagonal matrix, implying the system could continue in
the present state or move to a one-level drier or wetter state over
a single time step. These model constraints ensured smaller num-
ber of model parameters and more stable results.

4.3. Development of probabilistic drought model

An HMM-based probabilistic drought classification was
developed using the crop water stress values at all the 52 grid
locations in Indiana as the drought states do share dependence in
Table 2
Estimated hidden Markov model probabilities- initial state (
distribution parameters a and b associated with the four dr
4-extreme) for six locations in Indiana.
time. The parameter estimation procedure included initialization
and estimation of initial state probabilities, transition probability
matrix and beta emission distribution parameters. Scaled HMM
(Rabiner, 1989) was used herein to facilitate parameter estimation.
The best set of parameters was identified based on maximum
log [P(O|model)] value from the simulations obtained using random
initial values. As noted earlier, a tridiagonal transition matrix
was assumed at the second stage of parameter estimation, after
having set the order of hidden states in increasing order of drought
severity. The best parameter values were then obtained from
simulations using random values as transition probabilities, and
previously estimated beta emission parameters to initialize the
parameters of beta-HMM.

Parameter estimates for the HMM at six locations in Indiana are
shown in Table 2 and Fig. 6 as representative samples, for the sake of
brevity. These are geographically widely separated points and are
denoted by their location identifiers (loc id): 7 (41.25�N, 87.25�W),
9 (41.25�N, 86.25�W), 12 (41.25�N, 84.75�W), 46 (38.25�N,
87.25�W), 35 (39.25�N, 85.75�W), and 44 (38.75�N, 84.75�W)
respectively. As expected, in most cases, preference is expressed
for continuing in the present state than transitioning to a neighbor-
ing state.

The emission distributions at all the six locations in Fig. 6 allow
for some statistical interpretation into the drought states. They rep-
resent the changing nature of agricultural droughts with spatial
locations. At all locations, the emission distributions for near normal
conditions have very peaked distributions with a large probability
mass concentrated close to f = 0. At loc. id 7, as seen in Fig. 6a, the
emission distributions for all drought classes have reasonable sepa-
ration implying that the model is able to resolve these classes with
less uncertainty. The peaked probability density functions for near
normal and extreme drought states at all locations indicate that
these categories are classified with higher probabilities. However,
for loc. id 7 and 12, high classification uncertainty exists for severe
and extreme droughts (Fig. 6, plots a, c), as the emission distribu-
tions have more overlap for severe and extreme drought classes.
Consequently, higher transition probabilities exist for transition of
pi) and transition state probabilities, and beta emission
ought states (1-near normal, 2-moderate, 3-severe and



Fig. 6. Estimated emission densities (beta distribution probability density functions) for six locations across Indiana.
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extreme drought to severe drought state at these two locations
(Table 2 a, c). The moderate drought class, on the other hand has
very little overlap in all the six cases, implying less uncertainty in
its classification.

Figs. 7a and b show probabilistic classification of drought states
provided by the crop water stress-based drought index in HMM
framework. Results from only two locations for an example 12 year
period 2001–2012 are shown here for the sake of brevity. The height
of each bar in the plot represents the probability of a particular
drought state in a particular month. While the lighter shade repre-
sents a near-normal condition, the darker ones represent increasing
severity of drought induced by crop water stress. For instance in
Fig. 7a, July 2012 at loc id 7 had the following drought probabilities:
98.2% of being in severe drought, and 1.6% and 0.2% of being in mod-
erate and extreme states, respectively. Similarly, HMM-based classi-
fication for August 2012 at loc id 35 indicates 72.5% and 27.5%
probabilities of being in extreme and severe states, respectively
(Fig. 7b). In contrast to popular indices such as SPI, SPEI and PDSI,
the probabilistic drought state classification offered by the proposed
Fig. 7. Probabilistic classification of agricultural droughts during 2001–2012 perio
index addresses uncertainty in drought characterization. Compari-
sons with these indices are discussed in the following section.

4.4. Comparison with popular drought indices

Most drought studies have relied on the PDSI (based on a soil
water balance equation), and the SPI (based on a precipitation time
series). Instead of PDSI, a self-calibrating PDSI (SC-PDSI) that can
account for the regional variability in climate (Wells et al., 2004)
was used for comparison purposes. As the PDSI is not multiscalar,
and a fully meteorological-based SPI cannot provide any indication
of crop water stress, both these indices are incapable of evaluating
agricultural droughts at different locations in Indiana. SPEI-based
analyses conducted by Vicente-Serrano et al. (2012) show that SPEI
possesses good correlation with soil moisture in most of the sites
in North America. The SPEI computation uses monthly precipita-
tion minus potential evapotranspiration, i.e. a water balance deficit
data series, that is aggregated at different time scales as in SPI
(McKee et al., 1993), and standardized using a three-parameter
d at (a) loc id 7 and (b) loc id 35 using the proposed crop stress-based index.
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log-logistic distribution (Vicente-Serrano et al., 2010). SPEI time
series were computed using SPEI calculator program developed
by Beguería and Vicente Serrano (2009); inputs for the program
include precipitation and temperature data, as well as the latitude
of the selected location. Therefore, for comparison purposes, the
SPEI index is also utilized, and relative merits and demerits of all
the four indices are evaluated.

Drought category classifications for all indices used in the
study are listed in Table 3. Unlike SPI and SC-PDSI, drought cat-
egorization with SPEI is fairly recent (Yu et al., 2013). For the
proposed HMM-based index, there is no hard classification, and
Table 3
Drought category classification of the drought indices used in this study: proposed crop s

Hidden state Drought definition SPI
(McKee et al.,

1 Near normal +1 to �0.99
2 Moderate drought �1 to �1.49
3 Severe drought �1.5 to �1.99
4 Extreme drought Less than �2

Fig. 8. Comparison between HMM-based agricultural drought index, SPEI, SC-PDSI and

Fig. 9. Comparison between HMM-based agricultural drought index, SPEI, SC-PDSI and S
the probability associated with each drought state at a given
time can be obtained. For comparison purposes, the predomi-
nance of a particular state is indicated when the probability of
falling in it exceeds the sum of probabilities of falling in the
other states.

Figs. 8 and 9 show the probabilistic monthly drought classifica-
tion offered by HMM and the corresponding SPEI, SC-PDSI and SPI
index values during an example 20 year period – from 1983 to
2003 at loc. id 7 and 35 respectively. The HMM-based method yields
probabilities associated with each drought category, thus providing
a basis for assessing classification uncertainty, unlike SPI, SPEI or
tress-based index, SPI, SPEI and SC-PDSI.

SPEI SC-PDSI
1993) (Yu et al., 2013) (Wells et al., 2004)

+1 to �0.99 +0.5 to �0.99
�1 to �1.49 �1 to �2.99
�1.5 to �1.99 �3 to �3.99
Less than �2 Less than �4

SPI values for location id 7 (lat/lon 41.25�, �87.25�) during the 1983–2003 period.

PI values for location id 35 (lat/lon 39.25�, �85.75�) during the 1983–2003 period.
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SC-PDSI. At loc. id 7, (Fig. 8), few extreme and severe agricultural
drought events are identified in the years 1983–1985, 1988, 1995,
1999–2002, according to the proposed crop stress-based index. SPI
and SPEI reported extreme droughts in 1984, 1988, 1991–1992,
1999–2000. On the other hand, SC-PDSI detected very few extreme
events during this period, in 1985–1986 and 1993. Severe droughts
according to the SPI and SPEI indices, occurred in 1985–1987, 1992
and 2000, and are identified by the proposed index as well. All the
indices suggest that near normal to moderate drought conditions
are more prevalent in loc id 7. In Fig. 9, at loc. id 35, very few extreme
events are suggested in 1988 and 1999 by the proposed index, and
severe drought events are more prevalent. SPI and SPEI projected
extreme droughts for years 1988, 1991, and 2002, whereas SC-PDSI
reported extremes in 1992–1993 and 2003. Moderate drought
events are observed frequently during June–September months.
The results at these two locations therefore suggest that the
developed probabilistic index is capable of identifying agricultural
drought events that may not be captured by the SPI, SPEI or SC-PDSI,
especially during the months of May–October, the growing season
Fig. 10. Extreme drought category maps for Indiana under (i) the proposed crop stress-
extreme droughts during 1948–2012.

Fig. 11. Severe drought category maps for Indiana under (i) the proposed crop stress-base
droughts during 1948–2012. SC-PDSI reports a smaller range of occurrences compared
for most of the crops. Additionally, the probabilities assigned to each
drought category in the HMM-based probabilistic classification
reflect the uncertainty involved in drought identification. The other
indices were not designed for this capability.

Since different indices are designed for different purposes and
yield different information, the superiority of any one index over
others cannot be established. Comparisons between results from
different indices may imply robustness if results are consistent.
For example, the number of extreme events detected by the pro-
posed index and SC-PDSI during the data period 1948–2012 in Indi-
ana is shown in Fig. 10, pooling drought information from across all
the 52 locations in Indiana. According to the proposed crop stress-
based index, northern Indiana is relatively more prone to extreme
agricultural droughts, while southwest Indiana has had relatively
few instances over the data period. The drought maps for extreme
events from the proposed index and SC-PDSI are markedly different,
suggesting that different indices may lead to different conclusions.
There is some agreement in the extreme drought occurrences
suggested by the proposed index and SC-PDSI for south-eastern,
based index, and (ii) SC-PDSI. Darker shades correspond to increased frequency of

d index, and (ii) SC-PDSI. Darker shades correspond to increased frequency of severe
to the proposed index.
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south-central and central Indiana, but the proposed index would
suggest that the state is more prone to extreme droughts.

Similarly, severe drought event maps were constructed for Indi-
ana using the two indices and are shown in Fig. 11. The ranges of
number of severe events during the period 1948–2012 identified
by the proposed index and SC-PDSI are vastly different. The pro-
posed index reported numerous instances of severe droughts all
over the region, far more than those identified by SC-PDSI. The
SC-PDSI maps in Figs. 10 and 11 consistently indicate that west
and central Indiana have experienced high frequency of extreme
and severe category droughts over the 1948–2012 period. How-
ever, the proposed index suggests that central and southern Indi-
ana are highly prone to severe droughts. Again, we emphasize
that one index is not superior to the other, just that different indi-
ces may yield different results implying the choice of an index for
drought classification should be based on the specific needs of the
user. An evaluation of relative drought-proneness of a region can-
not be evaluated by SPI and SPEI as all locations are allocated the
same probability of a drought class by definition.

5. Conclusions

A probabilistic agricultural drought index that is based on crop
water needs was formulated within a graphical model (HMM)
framework, where hidden states represent different drought cate-
gories (from near normal to extreme droughts). The monthly soil
moisture-based crop water stress function estimated in the study
was found to have temporal dependence between drought states,
thus suggesting the use of HMMs over simpler mixture models.
Crop water stress was modeled using HMMs with a tridiagonal
transition matrix and beta emission densities to develop a probabi-
listic model based on a bounded stress function.

Retrospective comparison of drought events of an example
20 year period (1983–2003) suggested by the proposed model and
indices such as SPEI, SC-PDSI and SPI indicated fairly good agree-
ment over agricultural drought conditions. Given that consistent
definitions of corresponding SPI, SPEI and SC-PDSI index values for
each drought state in the HMM framework—near normal, moderate,
severe and extreme droughts are not available, direct comparisons
could not be made. Additionally, extreme and severe drought cate-
gory maps were developed for whole of Indiana using results from
the proposed crop water stress-based index, to study the spatial var-
iation of drought-proneness of the study region.

The following observations are made regarding the probabilistic
agricultural drought index developed in this paper:

i. Drought severity category is defined differently for each
location by the HMM. Drought states evolve based on the
historical crop water stress time series at each location,
and hence, an averaged or aggregated assessment for a
region cannot be considered accurate.

ii. The tridiagonal transition matrix assumption adopted in
HMMs in this study holds good for smooth transitioning of
drought states and facilitates robust parameter estimation.
However, sudden drought transitions that occur in the case
of flash droughts may not be well captured by the model
under this assumption.

iii. The transition trends and emission distributions are not sim-
ilar over Indiana. Results tend to be site-specific, suggesting
the need for advanced regionalization studies for regional
agricultural drought outlook.

iv. For comparisons with existing drought indices, the predom-
inant drought category after probabilistic classification was
defined as the one whose probability of occurrence was
more than the sum of probabilities of droughts in all other
categories. In the event that no drought category is
dominant, the classification uncertainty is likely to be high,
i.e. multiple drought categories are about equally likely. In
the present study, predominant drought categories were dis-
tinctly identified over the study area.

v. Comparison of indices indicated that many drought events
during dominant crop growing season (May–October) that
were not identified by the SPI, SPEI and SC-PDSI, were
revealed by the proposed index.

vi. The spatial variation of propensity of extreme and severe
category droughts over Indiana during the 1948–2012 per-
iod was examined by the proposed crop stress-based index
(Figs. 10 and 11). Such maps are useful for planning crop cul-
tivation under rain-fed conditions. Since different indices
yield different results, the choice of the index should be
based on the desired end result. The utility of these maps
need to be further explored in identifying regions where cer-
tain crops can be cultivated with minimum chances of crop
water stress.

The proposed HMM-based drought index enables classifying
agricultural droughts in a probabilistic framework unlike the SPI,
SC-PDSI or SPEI. The graphical model-based index highlights the
inherent uncertainty in drought analysis, and the framework
would be useful in developing reliable forecasting models. The
crop water stress-based drought index developed using HMM also
suggests the need for alternate drought classification regimes that
are driven by the data.
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Appendix A

A.1. Parameter estimation using EM algorithm

Given that observations in the time series and underlying
sequence of states are represented as O = (o1, o2, . . ., oT) and
q = (q1, q2, . . ., qT), respectively, the log likelihood function to be
maximized becomes:

QðM;M0Þ ¼
X

q

PðO; qjM0Þ log PðO; qjMÞ ðA1Þ

where M represents the new set of model parameters and M0 the
previous/initial set of values. If we define the probability P(O, q|M)
as follows:

PðO; qjMÞ ¼ pq1

YT

t¼2

aqt�1qt
bqt
ðotÞ ðA2Þ

where p, a and b denote initial state, transition and emission
probabilities respectively.

Then, Q may be written as:

QðM;M0Þ¼
X

q

PðO;qjM0Þlogpq1
þ
X

q

XT

t¼2

logaqt�1qt
PðO;qjM0Þ

"

þ
X

q

XT

t¼1

logbqt
ðotÞPðO;qjM0Þ

#

¼QðIÞþQðIIÞþQðIIIÞ

ðA3Þ
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A.2. Estimation of initial state probabilities pi

The three parts of Eq. (A3) can be used to maximize the Q func-
tion; each term is optimized independently to obtain the new set
of parameters.

For the first term Q(I) in Eq. (A3), its maximization subject to
constraint

P
ipi = 1 to obtain estimation formula for pi follows:

@
@pi

XK

i¼1

logpi pðO; q1 ¼ ijM0Þ þ k1

XK

i¼1

pi � 1

 ! !
¼ 0

) pi ¼ PðO;q1¼ijM0Þ
PðOjM0Þ ¼

a�1
0ðiÞb�1

0 ðiÞPK

i¼1
a�1
0ðiÞb�1 0 ðiÞ

ðA4Þ

where k1 is the Lagrange multiplier, and functions a⁄, b⁄ are as
defined in the forward-backward algorithm of Rabiner (1989). Note
that these functions are different from the beta emission
parameters.

A.3. Estimation of transition state probabilities aij

Similar to the previous exercise, maximization of Q(II) subject to
constraint

PK
j¼1aij ¼ 1 is performed as follows:

@
@aij

X
q

XT

t¼2

log aqt�1qt
PðO; qjM0Þ

 !
þ k2
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A.4. Estimation of beta emission distribution parameters

Maximizing Q(III) does not involve Lagrange multipliers as there
are no constraints for the beta emission distribution parameters
aj, bj.
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Emission density for beta distribution is bjðOtÞ ¼

betapdf ðot ;aj; bjÞ ¼
o
aj�1

t ð1�otÞ
bj�1

Bðaj ;bjÞ
.

Derivatives in Eq. (A6) can be expanded as:
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Note that w(�) denotes digamma function formed during differ-
entiation of beta function B(aj, bj) = C(aj)C(bj)/C(aj + bj). The deriv-
atives of beta function are determined as follows:

@Bðaj ;bjÞ
@aj

¼ Bðaj; bjÞ
C0 ðajÞ
CðajÞ
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CðajþbjÞ

h i
¼ Bðaj;bjÞ wðajÞ � wðaj þ bjÞ


 �
Also; @Bðaj ;bjÞ

@bj
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 �
ðA9Þ

Therefore, the emission density parameter estimation problem
reduces to solution of following two equations:

XK
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 �
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ðA10Þ

The parameter estimation procedure outlined above was
repeated, the log-likelihood increased with every iteration, until
the solutions for different unknowns converged. The forward-
backward algorithm computations for large datasets involved
summation of a large number of terms that exceeded the precision
range of computing machines. However, these steps are inevitable
for estimation of parameters in HMM. In order to cope with this
issue, scaling was performed (Rabiner, 1989).

The posterior probability of being in a particular drought state
at time t, that forms the basis for estimating the uncertainty in
drought state classification, is given by:

Pðqt ¼ ijO;M0Þ ¼ a�t 0ðiÞb
�
t
0ðiÞPK

i¼1a�t 0ðiÞb
�
t
0ðiÞ

ðA11Þ
References

Baum, L.E., Petrie, T., Soules, G., Weiss, N., 1970. A maximization technique
occurring in the statistical analysis of probabilistic functions of markov chains.
Ann. Math. Stat. 41, 164–171.

Beguería, S., Vicente Serrano, S.M., 2009. SPEI Calculator, http://digital.csic.es/
handle/10261/10002.

Bergman, K.H., Sabol, P., Miskus, D., 1988. Experimental indices for monitoring
global drought conditions. In: Proceedings of the Thirteenth Annual Climate
Diagnostics Workshop. U.S. Dept. of Commerce, Cambridge, MA, pp. 190–197.

Bolten, J.D., Crow, W.T., Zhan, X., Jackson, T.J., Reynolds, C.A., 2010. Evaluating the
utility of remotely sensed soil moisture retrievals for operational agricultural
drought monitoring. Sel. Top. Appl. Earth Observations Remote Sens., IEEE J. 3,
57–66.

Burget, L., Schwarz, P., Agarwal, M., Akyazi, P., Feng, K., Ghoshal, A., Glembek, O.,
Goel, N., Karafiat, M., Povey, D., Rastrow, A., Rose, R.C., Thomas, S., 2010.
Multilingual acoustic modeling for speech recognition based on subspace
Gaussian Mixture Models. In: 2010 IEEE International Conference on Acoustics
Speech and Signal Processing (ICASSP), pp. 4334–4337. http://dx.doi.org/
10.1109/ICASSP.2010.5495646.

Cover, T.M., Thomas, J.A., 1991. Elements of Information Theory. Wiley, New York.
Crouse, M.S., Nowak, R.D., Baraniuk, R.G., 1998. Wavelet-based statistical signal

processing using hidden Markov models. Signal Process., IEEE Trans. 46, 886–
902.

Dai, A., Trenberth, K.E., Qian, T., 2004. A global dataset of palmer drought severity
index for 1870–2002: relationship with soil moisture and effects of surface
warming. J. Hydrometeor 5, 1117–1130.

Denmead, O.T., Shaw, R.H., 1960. The effects of soil moisture stress at different
stages of growth on the development and yield of corn. Agron. J. 52, 272–274.

http://refhub.elsevier.com/S0022-1694(14)00708-2/h0005
http://refhub.elsevier.com/S0022-1694(14)00708-2/h0005
http://refhub.elsevier.com/S0022-1694(14)00708-2/h0005
http://digital.csic.es/handle/10261/10002
http://digital.csic.es/handle/10261/10002
http://refhub.elsevier.com/S0022-1694(14)00708-2/h0015
http://refhub.elsevier.com/S0022-1694(14)00708-2/h0015
http://refhub.elsevier.com/S0022-1694(14)00708-2/h0015
http://refhub.elsevier.com/S0022-1694(14)00708-2/h0020
http://refhub.elsevier.com/S0022-1694(14)00708-2/h0020
http://refhub.elsevier.com/S0022-1694(14)00708-2/h0020
http://refhub.elsevier.com/S0022-1694(14)00708-2/h0020
http://dx.doi.org/10.1109/ICASSP.2010.5495646
http://dx.doi.org/10.1109/ICASSP.2010.5495646
http://refhub.elsevier.com/S0022-1694(14)00708-2/h0030
http://refhub.elsevier.com/S0022-1694(14)00708-2/h0035
http://refhub.elsevier.com/S0022-1694(14)00708-2/h0035
http://refhub.elsevier.com/S0022-1694(14)00708-2/h0035
http://refhub.elsevier.com/S0022-1694(14)00708-2/h0040
http://refhub.elsevier.com/S0022-1694(14)00708-2/h0040
http://refhub.elsevier.com/S0022-1694(14)00708-2/h0040
http://refhub.elsevier.com/S0022-1694(14)00708-2/h0045
http://refhub.elsevier.com/S0022-1694(14)00708-2/h0045


M. Ramadas, R.S. Govindaraju / Journal of Hydrology 526 (2015) 151–163 163
Evans, R., Cassel, D.K., Sneed, R.E., 1996. Soil, water, and crop characteristics
important to irrigation scheduling. AG 452-1, North Carolina Cooperative
Extension Service, NC.

Fan, Y., van den Dool, H., 2004. Climate Prediction Center global monthly soil
moisture data set at 0.5� resolution for 1948 to present. J. Geophys. Res. 109,
D10102.

Han, W., Yang, Z., Di, L., Mueller, R., 2012. CropScape: A Web service based
application for exploring and disseminating US conterminous geospatial
cropland data products for decision support. Comput. Electron. Agric. 84,
111–123.
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